Introduction
Many fields in applied economics involve multinomial choice problems. Examples are the choice of sending children to public schools and to vote in favor of a school budget (see Greene, 1984) in public choice; The choice among various types of labor markets in labor economics (see Haque and Haque, 2009) ; The choice of different health care plans or treatments in health economics (see Jones, 2007) ; The choice of different types of preferential agreements (for trade and investment) in international economics (see Egger and Wamser, 2013) . In treatment studies with a binary outcome such as graduating or not and a binary endogenous treatment such as private versus public schooling in education economics (see Altonji, Elder, and Taber, 2005) . Historically, applications of such models use cross-section data, but recent applications include panel data, (see Johnson and Hensher, 1982; Börsch-Supan, Hajivassiliou, Kotlikoff, and Morris, 1992; Keane, 1997; Egger and Wamser, 2013; Mulkay, 2014 , to mention a few). While a case for cross-sectional interdependence could be made -due to the presence of peer-group effects, social interaction, strategic interaction, spillovers, and general equilibrium effects -most applications ignore cross-sectional dependence. This paper proposes bivariate panel probit models which could be used in applied work in order to allow for equicorrelation due to the repeated observation of cross-sectional units over time as well as for crosssectional dependence among the units within time.
The paper proposes a Bayesian bivariate probit model and analyzes its performance in small samples. 2 Monte Carlo simulation results are encouraging as parameter estimates can be obtained without much bias in small samples, and the root-mean-squared errors decline as the sample size increases, in particular, with the cross-sectional dimension.
The paper illustrates how such models could readily be extended to the multivariate case with more than two equations. Also, the paper discusses the case where the explanatory 2 In earlier research, -mostly cross-section -alternatives to Bayesian nonlinear probability model estimation had been proposed: see McMillen (1992) for expectation-maximization methods; see Beron and Vijverberg (2004) for simulated maximum likelihood methods; and Klier and McMillen (2008) for generalized methods of moments procedures.
1 variables are correlated with the time-invariant error components.
The remainder of the paper is organized as follows. The next section outlines a parsimonious model version. Section 3 describes the estimation of the model parameters of interest. Section 4 proposes extensions of the model allowing for a richer setting of cross-sectional dependence across equations. In particular, it outlines a multivariate model with more than two equations, and it discusses the case of a correlated random effects model. Section 5 summarizes the Monte Carlo simulation results for leading types of models addressed in the paper, and the last section concludes.
Econometric model
Let us denote the binary observable variables regarding the mth decision or equation for unit i at time t by y m,it , where m ∈ {1, 2} reflects the bivariate case. The total number of individual units and time periods be N and T , respectively. We observe this binary variable as * y m,it = 1(y m,it > 0), i = 1, 2, .., N and t = 1, 2, .., T where y m,it is a latent (i.e., unobserved) variable and denotes the net gains for i from * 3 choosing m at time t. λ m y m,it reflects a (global) spillover effect of other units on i. w ijt is a normalized weight describing the strength of the relationship between units i and j at time t. In the spatial panel econometrics literature, w ijt is often assumed time-invariant.
However, assuming that is not necessary. w ijt is nonnegative if two distinct units i and j are neighbors and zero otherwise at time t; it is always zero for i = j. 4 Notice that the notion of neighborliness behind w ijt is generic and can be related to space in a narrow sense or to other concepts (such as input-output relations, worker flows, information flows, etc.). λ m denotes the spatial autocorrelation, contagion, interdependence, or 3 The spillover effects are referred to as global, because the reduced form of the model involves an infinite number of cross-sectional effects and associated repercussions in the cross-sectional system. 4 In principle, the weights wijt could be specific to equation m.
spillover parameter for latent outcome of type m, and it is important to gauge the relative magnitude of spillovers. The 1 × K vector of covariates x m,it = (x k,m,it ) is indexed by m for reasons of parameter identification in multivariate probit models (see Keane, 1992; Munkin and Trivedi, 2008) .
The time-varying idiosyncratic error is denoted by ν m,it and the time-invariant random effect is denoted by α m,i . For these error components, we adopt the conventional assumptions that E(ν m,it ν m,jt ) = 6 j, E(α m,i ν m,it ) = 0 for all m, t, 0 for all i = E(ν m,it ν m,is ) = 0 for all t 6
More specifically, regarding the bivariate distributions of = s.
(α l,i , α m,i ) and (ν l,it , ν m,it ), we assume bivariate normality
The variances of ν 1,it and ν 2,it are normalized to unity (see for instance Greene, 2003, for a treatment of the bivariate probit model without accounting for any form of spatial correlation) and τ denotes the tetrachoric correlation.
We shall impose the assumption that all elements of x m,it are doubly exogenous in
As is common in spatial panel econometrics (see, e.g., Kapoor, Keleijian, and Prucha, 2007) , the observations are stacked such that i is the fast index and t the slow index, which yields the following stacked model for equation m of the framework given in (1)-(2) * 3 admissible parameter space of {λ 1 , λ 2 } is known and less than unity in absolute value.
For instance, a convenient normalization is dividing each element by the corresponding sum across elements in a row (see Anselin, 1988; and Kelejian and Prucha, 2010, for alternative normalizations). 6 The vector α m is of dimension N × 1.
Stacking both equations for m ∈ {1, 2} below one another yields the following model for the latent dependent variables:
where ⊗ denotes the Kronecker product and the Hadamard product, ι T is a vector of ones of dimension T, I N is an identity matrix of dimension N , and J n is a matrix of ones of dimension N.
The reduced form is given by *
with the normalization of W T N , the admissible parameter space of Λ ensures invertibility of S. For modelling the time-invariant, unobserved heterogeneity across cross-sectional units through α = (α 0 1 , α 2 0 ) 0 , we assume a hierarchical structure, whereby all α i = (α 1i , α 2i ) 0 are based on a distribution, which has some parameters in common, which we refer to as hyperparameters. These hyperparameters -namely mean µ α and variance V α -are drawn in a separate step and used when drawing α i .
All parameters to be estimated we subsume in the parameter vector θ = {β, λ 1 , λ 2 , τ, y * , α, µ α , V α }.
Using y = (y 1 0 , y 2 0 ) 0 , the joint posterior distribution is given by
where the first term in the second line relates the observed dependent variables to their latent counterparts, the second term in the second line denotes the likelihood, and the � third line contains the priors. Details on these components will be given in the following paragraphs. Since the expressions above turn out to be intractable, we calculate the conditional distributions for all model parameters given the data and the other parameters, θ`|θ −θ` , which are given in detail in Subsection 3.2.
Likelihood *
The likelihood is stated in terms of the latent variables y . The joint distribution of
This yields the likelihood
Priors
The prior distributions are assumed to be
Notice that λ m and τ are parameters, which are bounded theoretically in absolute value.
For instance, with a row-normalized matrix W T N (and, hence W ) and the model proposed in this section, both λ m and τ need to be smaller than unity in absolute value.
Modelling the unobserved heterogeneity with a hierarchical prior, we draw hyperparameters from distributions using the following priors:
where Σ and R is a 2 × 2 matrix containing the elements
where W denotes the Wishart distribution. The choice of the prior parameters leads to relatively uninformative priors reflecting a large degree of uncertainty about them. Intuitively, in calculating the posterior distribution less weight is placed on the priors and more on the data as a consequence.
Conditional distributions
We calculate the conditional distribution of each of the parameters given all the other parameters of the model. * * Conditional distribution of y 1 and y 2
The posterior distributions for the latent variables are calculated using the joint distri- * * * bution of (y 1 , y 2 ). The conditional distribution of y 1 given the other parameters is given
The conditional distribution of y 2 given the other parameters is given by * S −1 *
y is truncated multivariate normal. Thus, we apply the method by Geweke (1991) . 
Conditional distribution of β
The conditional distribution of β = (β 1 0 , β 2 0 ) 0 given the other parameters is
where
We apply Gibbs sampling to draw values for β.
Conditional distribution of λ 1 and λ 2
The conditional distribution of λ m for m ∈ {1, 2} is given by 1 value and c λm a tuning parameter. When taking draws we only use candidates lying in the admissible parameter space between −1 and 1. Using λ m , λ c , and (10), we calculate m an acceptance probability to decide whether using the new candidate value or keeping the previous one. To ensure an acceptance probability between 40% and 60% we adapt the tuning parameter c λm . 7
Conditional distribution of τ
The conditional distribution of τ is given by 1 1
Akin to λ m , the conditional posterior distribution of τ takes an unknown form and we apply Metropolis-Hastings for drawing it. We apply the same approach as for drawing λ m and draw new values using τ c = τ + c τ · N (0, 1). Since τ lies in the interval between −1 and +1, we only accept those candidate values τ c which lie in this interval. Both τ and τ c are evaluated using (11) to calculate an acceptance probability and the tuning parameter c τ is adapted to ensure an acceptance probability between 40% and 60%.
Conditional distribution of α
The conditional distribution of the 2N 
which are based on the hyperparameters µ α and V α , which are drawn as
, where ι N is an N × 1 vector of ones. All of these parameters have known distributions. Specifically, we apply Gibbs sampling, drawing the hyperparameters µ α and V α first and then using those in drawing the elements of α.
Interpretation of results
Clearly, the point estimates of the parameters are a key ingredient for a quantitative assessment of the results. As with standard probit models, marginal effects of changes in explanatory variables cannot be read off the parameters but need to be evaluated at a certain point, typically the sample mean of the data. The computation of marginal effects in standard (nonspatial) probit models is outlined, e.g., in Greene (2003) . With an index of the probit model whose reduced form is itself nonlinear in parameters, this issue 9 is exacerbated. As with standard spatial models, direct, indirect, and total effects can be distinguished. What is of interest in probit models are the direct and total effects (with the indirect effects being defined as the difference between the latter and the former) on the probability that the outcome of interest is unity. This issue is exhaustively discussed for univariate probit models in LeSage, Pace, Lam, Campanella, and Liu (2011) and in Lacombe and LeSage (2015) . The computation of marginal effects in bivariate probit models involves a straightforward combination of the approach outlined in Greene (1996) for non-spatial bivariate probits and in LeSage, Pace, Lam, Campanella, and Liu (2011) and in Lacombe and LeSage (2015) for spatial univariate probits.
In this section, we consider three extensions. First, we introduce a richer framework of interdependence than the one introduced in Sections 2-3. This may be a useful extension, if the researcher believes that spillovers across individuals are not only related to a specific but to all latent outcomes. Second, we briefly discuss the case of more than two equations, which may be generally referred to as multinomial spatial probit estimation. Such a case may emerge, for instance, if researchers analyze problems with many discrete decisions (e.g., market entry with multi-product firms; market-entry with multi-national firms; etc.). Third, we discuss the case of estimation with correlated random effects, where some of the explanatory variables may be correlated with the unobserved individual-specific characteristics. The latter is often considered to be more plausible than the case of so-called double-exogeneity as assumed before, where the explanatory variables are uncorrelated with both the time-invariant and the time-variant characteristics of the cross-sectional units.
A richer structural latent-variable framework

Model
In what follows, we use the same notation as before as far as this is possible. In appli- y m,it = λ ml y ml,it + x m,it β m + α m,i + ν m,it with y ml,it = w ml,ijt y l,jt , (13)
The observations are stacked such that i is the fast index and t the slow index, which yields the following stacked model for equation m of the model given in (12) -(13) *
2 X * * * *
The only thing that is now needed is a redefinition of Λ, W , and S: Λ =
2T N × 2T N matrix W consists of 4 T N × T N spatial weights matrices W ij,T N for i, j ∈ {1, 2}. Of course, one can also assume the same W ij,T N for all i and j. ! S e 11 S e 12
Define S e = S −1 = . Then stacking both equations for m ∈ {1, 2} yields
and its reduced form is given by * e y = S(Xβ + Aα + ν).
� * * Joint distribution of (y 1 , y 2 ) and the likelihood * * Based on (17), the joint distribution of (y 1 , y 2 ) is given by
This yields the likelihood 
Priors
We use the same uninformative priors given by (5), (6), (7) and (8). In line with the previous subsection we assume a uniform uninformative prior for all λ ij for i, j ∈ {1, 2}. * * Conditional distribution of y 1 and y 2 * * * Using the joint distribution of (y 1 , y 2 ) in (18) the conditional distribution of y given 1 the other parameters is given by
The conditional distribution of y 2 given the other parameters is given by
12
Conditional distribution of λ gh
The conditional distribution of λ 11 , λ 12 , and λ 21 is given by 
2
We apply the Metropolis-Hastings procedure as in Subsection 3.2. However due to the more complex equation system we need to take stability conditions into account. E.g., when drawing the new candidate values, we only accept those where |λ h1 | ≤ 1 − |λ h2 | and |λ h2 | ≤ 1 − |λ h1 |for h ∈ {1, 2}.
Conditional distribution of β, α, and τ
For β, α, and τ , the conditional distributions are the same as in section 3.2. The only difference is that we now use the S defined in section 4.1.
Multinomial spatial probit estimation with more than two equations
The proposed procedure can be extended to more than two decisions. Suppose one has M decisions, which corresponds to M equations. The dimensionality of the observed * variable y and its latent counterpart y are M T N × 1. The matrix of covariates is then 
Endogenous time-invariant effects
In Bayesian econometrics it is common to assume that all covariates and also the unobserved individual-specific effect are purely random variables.
However, this is not the case in many empirical applications, where it is likely that some of the covariates of an individual are correlated with its unobserved individual-specific characteristics: in wage equations, education is correlated with individuals' unmeasurable ability, and affects discrete labor-market choices of individuals; total factor productivity is correlated with unobservable managerial or entrepreneurial talent and organization and affects discrete (market-entry or scope) decisions by firms; regional observable attributes are correlated with unobservable amenities and their hedonic valuation by mobile residents; etc. Ignoring potential correlation between unobserved heterogeneity and covariates might lead to an omitted variables bias in coefficients of interest on observable variables.
One prominent way to account for a potential correlation between unobserved heterogeneity and the covariates is proposed by Mundlak (1978) . He proposed to include the averages of time-varying covariates as additional regressors into the regression equation to approximate the unobserved heterogeneity. In a second extension we follow his suggestion. By and large, this leaves our approach described in section 3.2 unchanged.
The only difference is that the matrix of covariates now consists of [X, X] where X con- We consider four alternative sets of parameters (λ 1 , λ 2 , τ ) with we specify the bivariate normality about the 2 × 1 vector In general we consider two configurations each for N and T with N ∈ {100; 500} and
For each of the four parameter and four panel configurations, we draw 500 2N T × 1 vectors of residuals ν. For each one of these 8,000 experiments we do an MCMC simulation with a chain of 30,000 elements of which 4,000 are burn-ins and only every 10th of the remaining elements is used (i.e., a thinning ratio of one-tenth is applied).
Simulation results for the basic model:
We summarize the corresponding simulation results in Tables 1 and 2 . In Table 1 , we report on θ = (λ 1 , λ 2 , β 11 , β 12 , β 21 , β 22 , τ) and moments of the elements of α 1 and α 2 for the first parameter configuration and alternative sample-size configurations. In Table 2, we focus on the configuration of N = 100 and T = 5 for the remaining three considered true parameter configurations.
−− Tables 1 and 2 about here −−
The results in Table 1 suggest that the parameter biases are relatively small, even in the case of {N = 100; T = 5}. Obviously, the biases decline as the sample size grows in the T -and, in particular, the N -dimensions. With {N = 500; T = 5} the biases of most parameters are down to a range of about five to ten percent of the true values only, across the board. These biases are about twice as high with {N = 100; T = 5}.
However, when comparing these results with non-spatial models, we would support the use of spatial panel data probits even with small to moderate data-sets at hand.
The underlying correlations between the true and the predicted latent variables are: * * * * * * 0.8699 for (y 1 , ŷ 1 ) and 0.7760 (y 2 , ŷ 2 ) for {N, T } = {100, 5}; 0.8812 for (y 1 , ŷ 1 ) and * * * * * * 0.8710 (y 2 , ŷ 2 ) for {N, T } = {100, 7}; and 0.7875 for (y 1 , ŷ 1 ) and 0.7760 (y 2 , ŷ 2 ) for {N, T } = {500, 5}. These numbers indicate that there is enough noise in the datagenerating process so that the small bias figures point to a relatively good performance of the proposed estimation routines.
Design for a framework for within-and across-equation spatial correlation:
For an analysis of the richer model, we assume a framework as outlined in Section 4.1, * * * *
where y 1 as well as y 2 affect both latent outcomes y 1 and y 2 . For this, we assume the same spatial weights matrix W N for all terms. The corresponding spatial autocorrelation parameters are: {λ 11 , λ 12 , λ 21 , λ 22 } = {0.4, 0.2, 0.1, 0.3}.
In this design, we assume two variables x 11,it ∼ N (0, 1) and x 12,it ∼ N (0, 1), which enter the first equation, x 21,it ∼ N (0, 1) and x 22,it ∼ N (0, 1), which enter the second equation. Their true parameter values are, as above, β 1 = (β 11 , β 12 ) = (−2, 1.25) and β 2 = (β 21 , β 22 ) = (−1, 0.5) for the first and the second equation, respectively. α, and ν are drawn in the same way as in the benchmark design.
Simulation results for the within-and across-equation spatial-correlation model: Table 3 summarizes the Monte Carlo simulation results for this richer design. Table 3 about here −−
−−
The findings in the table suggest that the richer design does not involve systematically larger biases or root mean squared errors across the parameters of interest. Hence, the findings are assuring that even more complex designs with spillovers across different latent variables in the system between cross-sectional units can be analyzed even with relatively small samples at hand.
Design for the correlated random effects model:
In an extension, we let α be correlated with X at different intensities. In this set-up, we consider the vectors α 1 and α 2 to be correlated with x 2 , maintaining the assumption that x 1 is exogenous. Specifically, we decompose x 2 into its between (bar) and within Clearly, with this setting of correlated random effects, the parameters on x 2 , {β 12 ; β 22 }, will be biased unless x 2 is included as a control function as suggested by Mundlak (1978) , Chamberlain (1982) , and Wooldridge (1995) . The corresponding results for specifications where the control function (whose parameters we suppress) is included in X are summarized in Table 4 for the sample-size configuration {N = 100; T = 5}. The true parameter values are β 1 = (β 11 , β 12 ) = (−2, 1.25), β 2 = (β 21 , β 22 ) = (−1, 0.5), and (λ 1 , λ 2 , τ ) = (0.4, 0.6, 0.5) in this case.
Simulation results for the correlated random effects model:
We summarize the Monte Carlo simulation results for the correlated random effects model and the three configurations c α = {1; 2; 4} in Table 4 .
−− Table 4 about here −−
The results in Table 4 suggest that the proposed approach works well in small samples even with endogenous cross-sectional effects when conditioning on individual-specific variable means. We have seen that the correlations between x 2 and α are relatively strong even in the case of c α = 1. In that case, the biases of the parameters amount to less than ten percent on average. The root mean-squared error (RMSE) is relatively highest for the coefficients on the endogenous variable, {β 12 ; β 22 }, and it amounts to less than one-fifth for each of those. Clearly, both the biases and the RMSEs tend to be somewhat larger with a higher degree of endogeneity (a larger value of c α ). However, as said before, the degree of correlation studied here is rather strong, which is supportive of the proposed procedure.
While we illustrated that a consideration of correlated random effects is possible in Table 4 , it is the purpose of Table 5 to document the consequences of disregarding correlated random effects when they are present. Table 5 about here −− As in Table 4 , we focus on the case of {N, T } = {100, 5}, and, for the sake of brevity, we summarize the results for the case of c α = 4, where the correlated-random-effects assumption is relatively important. A comparison of the respective rows in the table indicates that both the bias and the RMSE on {β 11 , β 12 , β 21 , β 22 } are much higher in Table 5 than in Table 4 . Hence, the merits of considering a correlated-random-effects version of the model in practice are obvious.
−−
Conclusion
This paper analyzes a Bayesian estimation procedure for bivariate and, eventually, higher-variate panel probit models with spatial interdependence in the dependent variable. Such models could be interesting to use for an array of empirical problems where contagion or spillovers in a broad sense are important, the choices are not mutually exclusive, and there is time variation in those choices. Examples are discrete preferential policy choices of countries (e.g., with respect to trade agreement and/or investment agreement membership), discrete global-market-participation decisions of firms as exporters and/or multinational firms, discrete market-entry decisions of firms in a set of markets (such as countries and/or products), discrete consumption decisions of households with regard to certain products, discrete portfolio-acquisition decisions of investors, etc. All of these choices are ones where earlier empirical work had identified independently the existence of contagious effects and the interdependence between those choices.
The approach presented in this paper is capable of treating the features of contagion or spillovers and cross-issue correlation simultaneously.
For estimation, the paper proposes a Bayesian spatial bivariate panel probit model.
An advantage of this estimation procedure relative to standard maximum-likelihood estimation is that it can be used with large, interdependent cross-sections of data that are repeatedly observed over relatively short time periods. Our Monte Carlo simulation study suggests that the procedure works well even in small to moderately large samples. The I-statistic is calculated following Raftery and Lewis (1992) . GT p-value denotes the p-value of the Geweke (1992) test. The I-statistic is calculated following Raftery and Lewis (1992) . GT p-value denotes the p-value of the Geweke (1992) test. The I-statistic is calculated following Raftery and Lewis (1992) . GT p-value denotes the p-value of the Geweke (1992) test. The I-statistic is calculated following Raftery and Lewis (1992) . GT p-value denotes the p-value of the Geweke (1992) test. 
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